Methods from chaos physics are applied to a model of a driven spherical gas bubble in water to determine its dynamic properties, especially its resonance behavior and bifurcation structure. The dynamic properties are described in a growing level of abstraction by radius-time curves, trajectories in state space, strange attractors in the Poincar6 plane, basins of attraction, bifurcation diagrams, winding number diagrams, and phase diagrams. A sequence of bifurcation diagrams is given, exemplifying the recurrent pattern in the bifurcation set and its relation to the resonances of the system. Period-doubling cascades to chaos and back ("period bubbling") are a prominent recurring feature connected with each resonance (demonstrated for period-1, period-2, and period-3 resonances, and observed for some higher-order resonances). The recurrent nature of the bifurcation set is most'easily seen in the phase diagrams given. A similar structure of the bifurcation set has also been found for other nonlinear oscillators (Duffing, Toda, laser, and Morse).
INTRODUCTION
When looking for a theoretical understanding of the spectrum of acoustic cavitation noise, one is led to the prob- Such oscillations show sensitive dependence on initial conditions. Arbitrarily small perturbations of the oscillation grow exponentially in time until they reach the same order of magnitude as the variables of the system. From then on, a prediction made of the state of the system becomes meaningless. In a chaotic system those digits of the initial state that lie beyond the finite resolution of any measurement (or computation) become important for the dynamics of the system after a finite time. Therefore, long-term predictions are impossible, although the dynamics itself is completely deterministic. This is one of the main results of the growing field of nonlinear dynamics. In a previous paper, 12 we gave a review of some of the most important notions and methods of this new theory with special attention to acoustics and examples from cavitation theory. In this paper, the new tools are applied to investigate the dynamical properties of a single spherical cavitation bubble that is subjected to a periodic external sound field. In Sec. I, we introduce the mathematical model for the driven spherical bubble. To improve the accuracy of the numerical results and to reduce the CPUtime consumption of the simulations, all computations have been carried out for an equivalent system that is given in Appendix B. By means of the diffeomorphism that relates the original equations of motion and the equivalent dynamical system, all results are translated back and expressed in term• of the variables and parameters of the bubble model.
The driven radial oscillations of the bubble may be periodic as well as chaotic. When looking for the parameter values where the oscillations undergo bifurcations and become chaotic, one finds that these phenomena are closely connected with the resonances of the system. The whole bifurcafion set, i.e., the set of parameter values for which bifureations of the oscillation occur, is ordered in a spedfie recurring way. This superstructure of the bifurcation set is typical for periodically driven nonlinear oscillators.
In this paper, essentially two methods are used to visualize the parameter dependence of the dynamics of the bubble. In Sec. II, bifurcation diagrams are given with one coordinate of the attractor (the radius of the bubble) plotted versus a control parameter (mostly the driving frequency). They make visible the changes of the attractor at the bifurcation points in a clear and simple way. The bifurcation diagrams are used to give an overview on the occurrence of resonances and bifureations, and to illustrate some typical bifurcation scenarios. Additionally, plots of the basins of some attracton are presented. They are intertwined in a complicated way even for coexisting periodic solutions.
A disadvantage of bifurcation diagrams is that they can
show the dependence of the dynamical system on a single parameter only. A method to summarize the dependence on two (or more) parameters in a single diagram is the con-struction of phase diagrams. A phase diagram is a chart of the parameter space showing parameter values where bifurcations take place. When the parameter space is two-dimensional, these bifurcation points in general constitute bifurcation curves in the parameter plane. The set of all bifurcation points is called the bifurcation set of the dynamical system. If a system depends on more than two parameters, any twodimensional phase diagram is, of course, only a cross section of the actual bifurcation set. In Sec. III phase diagrams of the bubble model are presented that show the parameter de, pendence and the superstructure of the bifurcation set in a very condensed way.
I. THE BUBBLE MODEL
The bubble model used for the numerical simulations is given by a nonautonomous ordinary differential equation have already been neglected during the derivation of Eq.
(2), both models ( 1 ) and (2) are supposed to describe the physical reality with the Same accuracy. Equation ( lations that have been plotted after the transients decayed. In Fig. 3(a) , the period of the oscillation equals the period of the sinusoidal driving. Therefore, the dots plotted whenever a period T = l/w of the driving has elapsed always occur for the same value of the radius R. Another way to visualize the solutions of the bubble model is by using plots of projections of the trajectory into the R-U plane as can be seen in Fig. 4 . As in the case of the radius-time curve in Fig. 3 , a dot has been plotted after each period of the driving. The trajectories in Fig. 4(a) Fig. 3 ). This loop number and the period of the oscillation may be used to classify the resonances of the bubble model. Unfortunately, the loop number is not invariant under diffeomorphic transformations of the dynamical system; i.e., its value depends on the choice of the coordinate system. Therefore, the torsion number •sj9 that counts the average number of rotations of a neighboring orbit about the given periodic trajectory during one period of the oscillation (see Fig. 5 ) is used to characterize resonances and to label the bifurcation curves of periodic orbits in the phase diagrams.
In the following, we give a brief introduction into the new concept of torsion numbers (and generalized winding numbers) of a given orbit. Let ?, be an orbit of the bubble oscillator associated with the solution x(t) = (R(t),U(t), O(t)} of Eqs. (3) and let y' be a neighboring orbit ofy given by the solution z(t) = x(t) + y(t) of (3). The perturbation y(t) = (y•(t),y:(t),y•(t)} is assumed to be infinitesimally small. Then, the local torsion of the flow is described by the rotations of thc difference vector y (t) about y (compare Fig. 16(a) was computed for v = 50 kHz and contains no "outliers." When the driving frequency is increased, the attractor suddenly is drastically enlarged due to a global bifureation, i.e., the interaction of certain invariant manifolds of the Poincar6 map. The new parts of the attractor consist of points on these invariant manifolds. They are reached (immediately after the bifureation) only with a low probability. Therefore, these parts occur only with a low density in Fig. 16(b) .
(t) -•(t) = v(z(t)) -v(x(t)) = v(x(t) + y(t)) -v(x(t)) = Dv(x(t)).¾(t) + higher order terms. (5)

Sincej;• (t) vanishes in Eq. (4) [compare Eq. (3)],y3(t) is
In Fig. 17(a) , a blowup of one of the period-doubling cascades shown in Fig. 15(h) is given. Figure 17 Figure 18 gives an impression of the rich bifurcation structure at high driving amplitudes P•. Many period-doubling cascades and jumps onto coexisting attractors take place. The period-3-2"cascade occurring between v, = 565 kHz and v• = 695 kHz belongs to the period-3 resonance R•.3. In Fig. 19 , this basic period-3 solution has been traced to high and low frequencies until it vanishes due to saddlenode bifurcations. For this diagram, a smaller value of P, has been chosen than in Fig. 18 to obtain finite cascades. Again, the typical period-bubbling scenario is found, now starting with basic period 3. In this article, the dynamics of a single spherical gas bubble of radius R, = 1011m in water that is subjected to a sinusoidally varying sound field is described. Depending on the amplitude and the frequency of the external excitation, the oscillations of the bubble undergo qualitative changes and settle down to periodic oscillations (of different period), or stay fluctuating, yielding chaotic oscillations as a final state. The parameter dependence of the bifurcation points, i.e., the parameter values for which qualitative changes of the dynamics occur (e.g., a change in period) is shown by means of different types of diagrams. The best illustration of the bifurcation set of the system, i.e., the union of all bifurea-tion points, is given by phase diagrams showing the location (s) of all points in parameter space where given bifurcations take place. Although a certain experience is necessary to read and interpret this kind of diagram, it is, in some sense, the key for a deeper understanding of the bifurcation properties of the bubble model. Phase diagrams show most clearly how the bifurcations one is interested in are organized.
When the bifurcation set is restricted to a parameter plane, e.g., the v-P, plane, the restricted bifurcation set consists of a set of curves that enclose areas of qualitatively similar behavior. The curves can be classified by two numbers derived from the period of the oscillation and the torsion of the local flow of the system. Sets of bifurcation curves recur with the nonlinear resonances.
One main building block of the recurring pattern stems from the harmonic resonances R,.,, n = 1,2 ..... where the period is always that of the driving, but the torsion number increases one by one. The bifurcation scenario repeats in shape in the region of each harmonic resonance. Obviously, even global bifurcations leading to a breakup of the "bubbling" structure recur in a similar way. As the finer details are very complex, the organization behind the development of the scenario cannot yet be given and will be difficult to 
